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Subcomplete forcing is a class of forcing notions defined by Ronald B. Jensen.
Subcomplete forcing does not add reals, but may potentially alter cofinalities to ω.

Examples of subcomplete forcing

I Countably closed forcing.

I Namba forcing, denoted by N, a forcing notion consisting of subtrees T 6= ∅ of
ω<ω2 ordered by inclusion, such that T is downward closed in ω<ω2 and where
each node in T has ω2-many eventual successors in T . Each condition in N has
size ω2. Namba forcing adds a cofinal sequence S : ω −→ ωV

2 to the extension, a
cofinal branch through ω<ω2 . Under CH, Namba forcing adds no new reals and is
subcomplete [Jen14, Section 3.3].

I Prikry forcing, which forces a measurable cardinal to have cofinality ω while
preserving cardinalities.

I Generalized diagonal Prikry forcing

I Revised countable support (rcs) iterations of subcomplete forcing notions.

I Lottery sums of subcomplete forcing notions.

I If P is subcomplete and π : P −→ Q is a dense embedding, then Q is subcomplete.
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How subcompleteness fits in with other forcing classes which preserve stationary
subsets of ω1:

Subproper

Complete

(σ-cl.)

?

Proper

Subcomplete

ccc
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Definitions of Complete and Subcomplete Forcing

The Standard Setup

We follow Jensen in our definitions. In his standard setup, given a poset P, work with
models N of the form:

Hθ ⊆ N = 〈Lτ [A],∈,A ∩ Lτ [A]〉 |= ZFC−

for some τ > θ, where θ is large enough so that P ∈ Hθ.
Furthermore, we will often take a countable substructure X of N, and then the
transitive collapse N of this structure. Embeddings arising from this procedure will be
denoted

σ : N ∼= X ≺ N.

or
σ : N −→ N elementarily.

For elements s ∈ N we often write s for its preimage in N, ie. σ(s) = s.

Note that for such σ, cp(σ) = ωN
1 .
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Definitions of Complete and Subcomplete Forcing

Complete forcing

In order to define subcomplete forcing, we first define the notion of complete forcing.

Definition
A forcing notion P is complete so long as for sufficiently large θ we have that
whenever we are in the standard setup:

I P ∈ Hθ ⊆ N

I σ : N ∼= X ≺ N where X is countable and N is transitive

if G is P-generic over N
then there is p ∈ P such that whenever G 3 p is P-generic, σ“G ⊆ G .
In particular, this means p forces that σ lifts to an elementary embedding

σ∗ : N[G ] −→ N[G ].

Proposition (Jensen)

I If P is countably closed then P is complete.

I If P is complete, then P is forcing equivalent to a countably closed poset.
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Definitions of Complete and Subcomplete Forcing

Subcomplete Forcing

Definition
P is subcomplete so long as there is a θ which verifies the subcompleteness of P:
whenever we are in the standard setup:

I P ∈ Hθ ⊆ N

I σ : N ∼= X ≺ N where X is countable and N is full 1

I σ(θ,P, s) = θ,P, s for some s ∈ N;

if G is P-generic over N then there is p ∈ P such that whenever G 3 p is P-generic,
there is σ′ ∈ V [G ] satisfying:

1. σ′ : N −→ N elementarily

2. σ′(θ,P, s) = θ,P, s
3. SkN(X ∪ δ(P)) = SkN(range(σ′) ∪ δ(P)) 2

4. σ′“G ⊆ G .

In particular, p forces that there is a σ′ which lifts by 4 to an embedding

σ′∗ = σ∗ : N[G ] −→ N[G ].

1Fullness strengthens transitivity and is explained on the next slide.
2δ(P) is the cardinality of a smallest dense subset of P.
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Definitions of Complete and Subcomplete Forcing

Fullness

What is fullness, and why is it required?

Definition
In our case we may say that N is full so long as ω ∈ N, N is transitive and there is γ

such that Lγ(N) |= ZFC− and N = H
Lγ (N)
τ , where τ = height(N) is a regular cardinal

in Lγ(N).

I If N is full, then N is not pointwise definable.

I If N ∼= X ≺ N, where X is countable, N is full, then we haven’t necessarily ruled
out that the possibility of there being another σ′ : N −→ N with range(σ′) 6= X .

I Let s ∈ N. Then{
α = cp(σ) | ∃N countable, full and σ : N −→ N elementarily with s ∈ range(σ)

}
contains a club.
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Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add branches to ω1-trees

Theorem
Let T be an ω1-tree. If P is subcomplete then P does not add new branches to T .

Proof sketch.
Assume not. Let q be a condition forcing that ḃ is a new cofinal branch through Ť .
Let θ verify the subcompleteness of P and find N, σ so that:

I P ∈ Hθ ⊆ N

I σ : N ∼= X ≺ N where X is countable and N is full

I σ(θ,P,T , q, ḃ) = θ,P,T , q, ḃ.

By elementarity, q forces ḃ to be a new cofinal branch through Ť .

Let α = ωN
1 . Note that cp(σ) = α.
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Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add branches to ω1-trees

Proof sketch continued.
The idea is to construct a generic G for P over N, using the countability of N to
diagonalize against all branches through T as seen on level α of the tree in N.
Inductively define a decreasing, chain of conditions qn, where q0 = q, deciding values

of ḃ in T differently than the nth “branch” on level α in T .

T
α = ωN

1 σ

T

α

ω1

T = T � α
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Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add branches to ω1-trees

Proof sketch continued.
Furthermore list out the (countably many) dense sets of P, ~D, and ensure that each
qn ∈ Dn.

Let G be the generic filter generated by the qn, let ḃ
G

= b. Since P is subcomplete,
there is a condition p ∈ P such that whenever G is P-generic with p ∈ G , we have
σ′ ∈ V [G ] such that:

I σ′ : N −→ N elementarily

I σ′(θ,P,T , q, ḃ) = θ,P,T , q, ḃ
I σ′“G ⊆ G .

So there is a lift σ∗ : N[G ] −→ N[G ] elementary, a lift of σ′, with

σ∗(b) = σ′(ḃ)G = ḃG = b, and σ∗(T ) = σ′(T )G = T . Now we have N[G ] |= q ∈ G ,
so b is a cofinal branch through T .
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Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add branches to ω1-trees

Proof sketch continued.

b

T
α = ωN

1 σ∗

b

T

α

ω1

Since α is the critical point of the embedding, in N[G ], b � α = b. However, b was
constructed so as to not be equal to any branch restricted to level α, the ones we
listed out initially, a contradiction.
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Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add branches to ω1-trees

Corollary
Subcomplete forcing preserves Aronszajn trees.

Corollary
If an ω1-tree is not Kurepa, it cannot become Kurepa in a subcomplete forcing
extension.

Moreover, subcomplete forcing does not add branches to potentially “wider” trees
with levels of size less than c:

Theorem
Subcomplete forcing cannot add branches to (ω1, < 2ω)-trees.
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Subcomplete Forcing Interacting with ω1-trees

Suslin tree preservation

Theorem (Jensen)
Subcomplete forcing preserves the property of being Suslin of ω1-trees.

This proof of the above is necessarily different from the proof that subcomplete
forcing doesn’t add branches to ω1-trees, as it is possible for maximal antichains to be
added by subcomplete forcing.

Proposition
If T is a non-Suslin ω1-tree, then Add (ω1, 1) adds a new maximal antichain to T .

Proof.
Let A = {aα | α < ω1} be a maximal antichain in T . Let G ⊆ ω1 be
Add (ω1, 1)-generic. Let A′ = {aα | α /∈ G} ∪ {t ∈ T | ∃α ∈ G t ∈ succT (aα)}.
Then A′ is a maximal antichain in T and A′ /∈ V since G = {α < ω1 | aα /∈ A′}.

Corollary
Nontrivial ccc forcings are not subcomplete.

Proof sketch.
If P is subcomplete and ccc then P is countably distributive (since it can’t add a real),
and ccc countably distributive forcings are Suslin algebras, which add a branch to a
Suslin tree and thus can’t be subcomplete.
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Subcomplete Forcing Interacting with ω1-trees

The unique branch property of Suslin trees

Definition
A normal ω1-tree T has the unique branch property (ubp) so long as
1 T “Ť has exactly one new cofinal branch.” That is, after forcing with the tree, T
has has exactly one cofinal branch which was not in the ground model.

Theorem
If T is a Suslin tree and P is subcomplete, then [T ]V

P×T
= [T ]V

T
. In other words,

subcomplete forcing doesn’t add to the collection of T -generic branches.

Corollary
Subcomplete forcing preserves the unique branch property of Suslin trees.

Proof of Theorem.
Suppose not. Let b̈ be a P-name for a Ť -name for a new branch through T and
suppose we have p ∈ P, t ∈ T satisfying that whenever G × b ⊆ P×T is generic with
〈p, t〉 ∈ G × b we have that (b̈G )b ∈ [T ]V [G ][b] \ [T ]V [b].

Kaethe Minden On Subcomplete Forcing 7 April 2017 14 / 38



Introduction Trees MPsc MPsc vs. MP<ω1-closed Local MP RAsc MPsc + RAsc Diagonal Prikry Forcing

Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add generic branches to Suslin trees

Proof of Theorem continued.
Let θ verify the subcompleteness of P, and let’s get ourselves into the standard setup:

I P ∈ Hθ ⊆ N |= ZFC−

I σ : N ∼= X ≺ N where X is countable and N is full

I σ(θ,P,T , p, b̈, t) = θ,P,T , p, b̈, t.

Let α = ωN
1 , the critical point of σ. We have T = T � α as usual.

Enumerate with ~D the dense sets of P in N. Again the idea is to carefully construct a
generic G ⊆ P over N by diagonalizing against branches ~b on level α of T . We may
ensure that t ∈ b0. We construct a ≤P-sequence 〈pn | n < ω〉 satisfying, for each n:

1. pn ∈ Dn

2. In N, pn P

(
ť′ 

Ť
b̈(γ̌) 6= ( ˇbn(γ))

)
, for some γ < α and t′ ∈ b0,

σ(t′) = t′ ≥T t. In other words, pn forces that the canonical name for t′ forces
the value of the generic branch to be different from the nth “branch” in our list
in N.

If we can satisfy these two conditions, then we are done.
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Subcomplete Forcing Interacting with ω1-trees

Subcomplete forcing doesn’t add generic branches to Suslin trees

Proof of Theorem continued.
Suppose pm have been defined for m < n. To get pn, choose qn below each pm for all
m < n, satisfying qn ∈ Dn.
As T is Suslin in N and cofinal branches are generic for Suslin trees, we have that

N[b0] is a generic extension. Let G
0
,G

1
be mutually P-generic over N[b0] so that

p, qn ∈ G
0 ∩ G

1
. For i = 0, 1 let c i = (b̈

G
i

)b0 .

Since p ∈ G
0
,G

1
and t ∈ b0, both of the c i are cofinal branches through T . It follows

from the mutual genericity of G
0

and G
1

that c0 6= c1; otherwise, suppose that
c = c0 = c1. Then we’d have

c ∈ N[G
0
][b0] ∩ N[G

1
][b0] = N[b0][G

0
] ∩ N[b0][G

1
] = N[b0]

so c ∈ [T ]V [b0], a contradiction.
So let c ∈ {c0, c1} be such that c 6= bn. Thus we may choose γ < α so that the value

of c on level α is not the same as bn(γ). Then this holds in some N[G
i
][b0], and we

can obtain a condition pn ≤ qn forcing this.
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Subcomplete Forcing Interacting with ω1-trees

Suslin off the generic branch

Definition
A Suslin tree T is Suslin off the generic branch so long as after forcing with T to add
a generic branch b, for any node t not in b, the tree Tt remains Suslin.

Theorem
If T is a Suslin tree which is also Suslin off the generic branch, then T is still Suslin
off the generic branch after subcomplete forcing.
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The Subcomplete Maximality Principle

The Maximality Principle

Definition
Let Γ be a class of notions of forcing which is defined by some formula ψΓ(x , p), where
p is a parameter. In cascaded modal operator useages, this ψΓ(x , p) is to be evaluated
in the forcing extensions.
We say that a sentence ϕ(a) is Γ-forceable if there is P ∈ Γ such that for every q ∈ P,
we have that q  ϕ(a). In other words, a statement is Γ-forceable if it is forced to be
true in an extension by a forcing from Γ.
A sentence ϕ(a) is Γ-necessary if for all P ∈ Γ and all q ∈ P, we have that q  ϕ(a).
So a sentence is Γ-necessary if it holds in any forcing extension by a forcing notion
from Γ.
If S is a term in the language of set theory, then MPΓ(S) is the scheme of formulae
stating that every sentence with parameters from S which is Γ-forceably Γ-necessary,
i.e., the sentence “ϕ(a) is Γ-necessary” is Γ-forceable, is true.

We write MPsc(Hω2 ) for the subcomplete maximality principle, and
MP<ω1-closed(Hω2 ) for the countably closed maximality principle.
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The Subcomplete Maximality Principle

Consistency of the subcomplete maximality principle

Definition
A regular cardinal κ is fully reflecting so long as Vκ ≺ V .

Theorem
Let κ be fully reflecting. Then there is a subcomplete iteration P of length κ such that
whenever G ⊆ P is generic, we have that κ = ω2 in the extension and:

V [G ] |= MPsc(Hω2 ).

Proof

Theorem
Assume that MPsc(Hω2 ) holds. Then Lω2 ≺ L. Thus, in particular, we have that ωV

2
is fully reflecting in L.
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The Subcomplete Maximality Principle

The necessary form of the subcomplete maximality principle

Definition
Let �MPsc(S) be the necessary form of the principle itself, stating that MPsc(S)
holds in every forcing extension obtained by a subcomplete forcing.

Proposition
Assume MPsc(S). Then there are no Kurepa trees in S . So if S = Hω2 then there are
no Kurepa trees.

Proof.
Assume that T ∈ S is a Kurepa tree with λ-many branches, where λ ≥ ω2. Then
forcing with Coll (ω1, λ) doesn’t add branches to T . But now T has ω1-many
branches in the forcing extension, so T is no longer a Kurepa tree there.
Indeed, T can never become a Kurepa tree in any further subcomplete extension,
since subcomplete forcings cannot add branches to ω1-trees. So T is sc-forceably
sc-necessarily not a Kurepa tree. As T is assumed to be in S and is thus allowed as a
parameter in MPsc(S), it follows that T is not a Kurepa tree, a contradiction.

Corollary
�MPsc(Hω2 ) is inconsistent with ZFC.
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Comparisons between the subcomplete and the countably closed maximality principle

Is being subcomplete sc-forceably sc-necessary?

Fact
If P and Q are countably closed, then P “Q̌ is countably closed.”

Proposition

I The forcing N× N adds a new real, and is thus not subcomplete.

I The forcing Coll (ω1, ω2)× N adds a new real and is thus not subcomplete.

The following theorem is in contrast with the previous results. It states that if a
ground-model forcing is sc-forceably subcomplete, then it is subcomplete.

Theorem
Suppose both P,Q are forcing notions in V where P is subcomplete and P “Q̌ is
subcomplete.” Then Q is forcing equivalent to a subcomplete forcing (in V ).
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Comparisons between the subcomplete and the countably closed maximality principle

Comparing countably closed forcing and subcomplete forcing

Fact
If P ∗ Q̇ is countably closed, then P “Q̇ is countably closed.”

Proposition
Suppose that P ∗ Q̇ is subcomplete. Then it is not necessarily true that
P “Q̇ is subcomplete”, even if P is subcomplete.

Proof.
Let P be the forcing to add a Suslin tree, where the conditions are normal subtrees of
successor height. Let Ṫ be the forcing adding a branch through the tree added by P.
By a result of Kunen, which is explained in detail by Gitman and Welch [GW11,
Lemma 6.11], there is a countably closed forcing Q such that:

π : Q −→ P ∗ Ṫ is a dense embedding.

Thus P ∗ Ṫ is also subcomplete. In particular, we have a scenario in which P ∗ Ṫ is
subcomplete but it is not the case that P “Ṫ is subcomplete”, since forcing with a
Suslin tree is not subcomplete.
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Comparisons between the subcomplete and the countably closed maximality principle

Comparisons between MP<ω1-closed and MPsc

MP<ω1-closed(Hω2 ) MPsc(Hω2 )

MP<ω1-closed(∅) MPsc(∅)

�� ��

Theorem
It is consistent for MP<ω1-closed(Hω2 ) to hold while MPsc(∅) fails.

Proof.
We work over L, with δ fully reflecting in L. We force over L in order to make
MP<ω1-closed(Hω2 ) hold in L[G ]. Then L[G ] has the same countable sequences of
ordinals as L does. Thus MPsc(∅) fails; in particular, the sentence

∃ ~a ∈ Ordω \ L

is sc-forceably sc-necessary, but false in L[G ].
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Comparisons between the subcomplete and the countably closed maximality principle

Comparisons between MP<ω1-closed and MPsc

MP<ω1-closed(Hω2 ) MPsc(Hω2 )

MP<ω1-closed(∅) MPsc(∅)

�� ��

Theorem
It is consistent for MP<ω1-closed(Hω2 ) and MPsc(∅) to both hold.

Proof.
Let Lδ ≺ Lδ ≺ L, with δ regular. Force MPsc(∅) with a δ-length subcomplete

iteration. Call the result L[G ]. This gives us Lδ[G ] ≺ L[G ], since δ is small relative to
δ. Then force MP<ω1-closed(Hω2 ) by forcing with P = Coll (ω1, < δ) over L[G ], which

is shown to work by Fuchs [Fuc08]. Letting G ⊆ P be generic over L[G ], in L[G ][G ]
we certainly have that MP<ω1-closed(Hω2 ) holds. Indeed, we haven’t killed MPsc(∅),
since in fact MPsc(∅) implies �MPsc(∅).
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Comparisons between the subcomplete and the countably closed maximality principle

Comparisons between MP<ω1-closed and MPsc

MP<ω1-closed(Hω2 ) MPsc(Hω2 )

MP<ω1-closed(∅) MPsc(∅)

�� ��

Key Lemma
If MPsc(Hω2 ) and MP<ω1-closed(∅) both hold, then V 6= L[a] for any set a.

Proof.
Suppose V = L[a] for some set a and both MPsc(Hω2 ) and MP<ω1-closed(∅) hold.

I It is < ω1-closed-forceably-necessary that V is a countably closed forcing
extension of a model of the form L[a], where a is a bounded subset of ω2, namely
via Coll (ω1,TC({a})). Thus V = L[a][G ], where G is a generic for a countably
closed forcing and a ⊆ α < ω2 for some ordinal α.

I However, it is also sc-forceably sc-necessary that there is a countable sequence
not in L[a], namely via Namba forcing over L[a]. This is a contradiction to
V = L[a][G ], which does not contain a countable sequence not in L[a].
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Comparisons between the subcomplete and the countably closed maximality principle

Comparisons between MP<ω1-closed and MPsc

MP<ω1-closed(Hω2 ) MPsc(Hω2 )

MP<ω1-closed(∅) MPsc(∅)

�� ��

Theorem
If both MPsc(Hω2 ) and MP<ω1-closed(∅) hold, then there is a proper class of grounds.

Proof sketch.
Suppose not. By Usuba [Usu16], this means that V = M[G ].

I By MP<ω1-closed(∅) we may assume V = M[g ][h] = M[G ], where g ⊆ α for
α < ω2 and h is generic for a countably closed forcing.

I By MPsc(Hω2 ), the sentence “there is an ω-sequence not in M[g ]” is true, since
it is sc-forceably sc-necessary (via Namba forcing).

This is a contradiction.

Corollary
If there is a hyper-huge cardinal, then MPsc(Hω2 ) + MP<ω1-closed(∅) fails.
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The Subcomplete Local Maximality Principle

The Local Maximality Principle

Definition
Let Γ be a reasonable class of forcing notions, and let S be a set of parameters. Let M
be a defined term for a structure to be evaluated in forcing extensions, and S ⊆ M.
The Local Maximality Principle relative to M (MPM

Γ (S)) is the statement that for

every a ∈ S and every formula ϕ(x), if ϕM(a) is Γ-forceably Γ-necessary, then ϕM(a)
is true.

We have MPsc(Hω2 ) =⇒ MP
Hω2
sc (Hω2 ) =⇒ BSCFA.

Definition
An inaccessible cardinal κ is locally uplifting so long as for every formula ϕ(x) and
a ∈ Vκ, for every θ we have that θ-locally uplifting, meaning that there is an
inaccessible γ > θ such that Vκ |= ϕ(a) ⇐⇒ Vγ |= ϕ(a).

We have κ is fully reflecting =⇒ κ is locally uplifting =⇒ κ is reflecting.

Theorem

I If κ is locally uplifting, then there is a subcomplete forcing extension in which

MP
Hω2
sc (Hω2 ) holds and κ = ω2.

I If MP
Hω2
sc (Hω2 ) holds, then ω2 is locally uplifting in L.

Proof
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The Subcomplete Local Maximality Principle

Comparisons between local MP<ω1-closed and MPsc

Theorem
If the principles MP

Hω2
sc (Hω2 ) and MP

Hω2
<ω1-closed(∅) both hold, then V is closed under

sharps.

Proof.
Suppose that both principles hold and there is a set of ordinals X such that ¬X ].

Claim: There is Y such that L[Y ] contains all countable sets of ordinals.

Proof: Let X̃ code all of the countable subsets of ω2, so that [ω2]ω ⊆ L[X̃ ]. Let
Y = X ⊕ X̃ . Then Y works. To see this, let a ∈ [Ord]ω . By ¬X ], Jensen’s
Covering Lemma holds in L[X ], so let b ∈ L[X ] with a ⊆ b, where b is a set
of ordinals satisfying |b| ≤ ω1. Let f ∈ L[X ] be order preserving, satisfying
f : b −→ otp(b) < ωV

2 , and let a = f “a. Then a ∈ L[X̃ ]. Thus both
a, f ∈ L[Y ] and so a = f −1“a ∈ L[Y ] as desired.

I It is < ω1-closed-forceably-necessary that
Hω2 |= “There is a Y such that every countable set of ordinals is in L[Y ].”

I Let g ⊆ N be generic. Then H
V [g ]
ω2 |= [Ord]ω * L[Y ], and this persists to further

subcomplete forcing extensions. So it is sc-forceably sc-necessary, and thus true
in V . So Hω2 |= [Ord]ω * L[Y ] a contradiction.
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The Resurrection Axiom

Definition
Let Γ be a fixed, definable class of forcing notions. Let τ be a term for a cardinality to
be computed in various models; e.g. c, ω1, etc. The Resurrection Axiom RAΓ(Hτ )
asserts that for every forcing notion Q ∈ Γ there is a further forcing Ṙ with Q Ṙ ∈ Γ

such that if g ∗ h ⊆ Q ∗ Ṙ is V -generic, then

HV
τ ≺ H

V [g∗h]
τ .

Just like with the maximality principle, we will write RAsc to denote the resurrection
axiom for the class of subcomplete forcing notions, and RA<ω1-closed for the class of
countably closed forcing notions.

The reason Hc is required in general is that if some forcing notion in Γ adds new reals,
then Hκ, where κ > c in V , simply cannot be existentially closed in the forcing
extension; the added real itself is witnessing the lack of existential closure. So
certainly RAΓ(Hκ) for any class of forcing notions Γ that potentially add new reals,
cannot hold if κ > c.
However, due to [HJ14, Theorem 6] we see that RA<ω1-closed(Hc) and RAsc(Hc) are
both equivalent to CH. We have RAsc(H2ω1 ) =⇒ 2ω1 = ω2 and

RAsc(H2ω1 ) ⇐⇒ 2ω1 = ω2 + RAsc(Hω2 ). Thus we consider RAsc(Hω2 ).
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The Subcomplete Resurrection Axiom

Consistency of the Subcomplete Resurrection Axiom

Definition
An inaccessible cardinal κ is uplifting so long as for every ordinal θ it is θ-uplifting,
meaning that there is an inaccessible γ ≥ θ such that Vκ ≺ Vγ is a proper elementary
extension.

We have κ is uplifting =⇒ κ is locally uplifting.

Theorem
If κ is an uplifting cardinal, then there is a subcomplete iteration of length κ such that
in the forcing extension, RAsc(Hω2 ) holds and κ = ω2.

Proof

Theorem
RAsc(Hω2 ) implies that ωV

2 is uplifting in L.

As with the maximality principle, we have the following results:

I If V = L[a] where a is a set, and RA<ω1-closed(Hω2 ) holds, then RAsc(Hω2 ) fails.

I It is consistent for RAsc(Hω2 ) to hold while RA<ω1-closed(Hω2 ) fails, and
vice-versa.

I RAsc(Hω2 ) =⇒ MP
Hω2
sc (Hω2 ).
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Combining Maximality and Resurrection

Combining Subcomplete Maximality and Resurrection

Definition
An inaccessible cardinal κ is strongly uplifting fully reflecting so long as:

I κ is fully reflecting, i.e. Vκ ≺ V

I κ is strongly uplifting; meaning that it is strongly θ-uplifting for every ordinal θ.
This means that for every A ⊆ Vκ there is an inaccessible cardinal γ ≥ θ and a
set A∗ ⊆ Vγ such that 〈Vκ,∈,A〉 ≺ 〈Vγ ,∈,A∗〉 is a proper elementary extension.

If there is a subtle cardinal, then it is consistent that there is a strongly uplifting fully
reflecting cardinal.

Theorem
Let κ be a strongly uplifting fully reflecting cardinal. Then there is a forcing extension
in which both RAsc(Hω2 ) and MPsc(Hω2 ) hold, and κ = ω2.

Proof

Theorem
If both RAsc(Hω2 ) and MPsc(Hω2 ) hold, then ωV

2 is strongly uplifting fully reflecting
in L.
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Generalized Diagonal Prikry Forcing

Definition
Let D be an infinite discrete set of measurable cardinals, meaning a set of measurable
cardinals which does not contain any of its limit points. For κ ∈ D let U(κ) be a
normal measure on κ, and let U denote the sequence of the U(κ)’s.
Define D = D(U), generalized diagonal Prikry forcing from the list of measures U , by
taking conditions of the form (s,A) satisfying the following:

I The stem of the condition, s, is a function with domain [D]<ω taking each
measurable cardinal κ ∈ dom(s) to some ordinal s(κ) < κ.

I The upper part of the condition, A, is a function with domain D \ dom(s) taking
each measurable cardinal κ ∈ dom(A) to some measure-one set A(κ) ∈ U(κ).

The extension relation on conditions in D is defined so that (s,A) ≤ (t,B) so long as

I s ⊇ t.

I The points in s not in t come from B, i.e., for all κ ∈ dom(s) \ dom(t),
s(κ) ∈ B(κ).

I For all κ ∈ dom(A), A(κ) ⊆ B(κ).

If G is a generic filter for D, then its associated D-generic sequence is

S = SG =
⋃
{s | ∃A (s,A) ∈ G} .
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Generalized Diagonal Prikry Forcing is Subcomplete

Preliminaries

Genericity Criterion (Fuchs [Fuc05])
Let D be an infinite discrete set of measurable cardinals, with U a corresponding list
of measures 〈U(κ) | κ ∈ D〉. Then an increasing sequence of ordinals
S = 〈S(κ) | κ ∈ D〉 is a D(U)-generic sequence if and only if for all
X = 〈Xκ ∈ U(κ) | κ ∈ D〉, the set {κ ∈ D | S(κ) /∈ Xκ} is finite.

Cofinal Embeddings
Suppose we have an elementary embedding σ : N −→ N.

I We may say that σ is cofinal so long as elements of N are of the form σ(f )(β)
for some f : γ −→ N where β < σ(γ).

I We say that σ is α-cofinal so long as every such γ as above satisfy γ < α.

Transfer Lemma (Jensen)
Suppose that for M admissible, L(M) is a Σ1(M) infinitary ∈-theory. Let N1 be
almost full3, and suppose that k : N1 −→ N0 is a cofinal elementary embedding. So
long as L(LδN1

(N1))4 is Σ1 over parameters N1, p1, . . . , pn ∈ N1 and L(LδN0
(N0)) is

Σ1 over parameters N0, k(p1), . . . , k(pn), we have that if L(LδN1
(N1)) is consistent,

then L(LδN0
(N0)) is consistent as well.

3A transitive ZFC− model N is almost full so long as ω ∈ N and there is a solid A |= ZFC− with
N ∈ wfc(A) and N is regular in A.

4We say that δN is the least δ such that Lδ(N) is admissible.
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Generalized Diagonal Prikry Forcing is Subcomplete

Theorem
Let D be an infinite discrete set of measurable cardinals. Let U = 〈U(κ) | κ ∈ D〉 be a
list of measures associated to D. Then D = D(U) is subcomplete.

Proof sketch.
In order to show that D is subcomplete, suppose we are in the standard setup:

I D ∈ Hθ ⊆ N

I σ : N ∼= X ≺ N where X is countable and N is full

I σ(θ,D,U , c) = θ,D,U , c for some c ∈ N.

Let S ⊆ D be generic over N. We need to argue that there is a D-generic sequence S
and σ′ ∈ V [S] such that:

1. σ′ : N −→ N elementarily

2. σ′(θ,D,U , c) = θ,D,U , c
3. Sk N(δ(D) ∪ range(σ′)) = Sk N(δ(D) ∪ X )

4. σ′“S ⊆ S

The proof amounts to showing that a certain infinitary ∈-theory, T , positing the
existence of such an embedding σ′ is consistent.
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Generalized Diagonal Prikry Forcing is Subcomplete

Proof sketch continued.

1. Let k0 : N0
∼= Sk N(δ(D) ∪ X ) where N0 is transitive, and set σ0 = k−1

0 ◦ σ. The

embedding σ0 : N −→ N0 is ν-cofinal, where ν = δ+.

2. Define the infinitary ∈-theory L∗ as follows:

predicates ∈
constants σ̊, S̊ , x for x ∈ LδN∗ (N∗)

axioms I ZFC− and Basic Axioms
I σ̊ : N −→ N∗ is a κ(0)–cofinal embedding

I σ̊(θ,D,U, c) = θ∗,D∗,U∗, c∗
I S̊ is a D∗-generic sequence over N∗
I σ̊“S ⊆ S̊.

3. Show that L1 is consistent, where σ1 : N −→ N1 is κ(0)-cofinal, where κ(0) is
the first measurable cardinal in D. To do this, use the genericity criterion, and
show that σ1“S may be used to find a D1-generic sequence over N1. Namely, first
obtain a diagonal Prikry sequence S ′1 ⊆ D1 generic over N1. Define, in V [S ′1], a
new sequence S1 ⊆ D1 generic over N1 as follows:

S1(κ) =

{
S ′1(κ) if κ ∈ D1 \ σ1“D

σ1(S(κ)) if κ = σ1(κ).

4. Using the Transfer Lemma, we then have that L0 is consistent, since
k1 : N1 −→ N0 is a cofinal embedding and N1 is almost full.
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Generalized Diagonal Prikry Forcing is Subcomplete

Proof sketch continued.

5. Use Barwise Completeness to find a model, A, of L0. To apply Completeness, we
need the admissible structure L0 is defined over to be countable. So work in
V [F ], a generic extension collapsing the admissible structure LδN0

(N0) to be

countable. This gives us a suitable diagonal Prikry sequence S, which is generic
over N0 and thus V , by the genericity criterion. We also get an embedding
∗
σ = k0 ◦ σ̊A : N −→ N.

6. By Barwise Correctness, T (M) is consistent, where M is a large enough
admissible structure in V [S]. More precisely, the infinitary ∈-theory T (M) is
defined over M as follows:

predicates ∈
constants σ̇, x for x ∈M

axioms I ZFC− and Basic Axioms.
I σ̇ : N −→ N elementarily
I σ̇(θ,D,U, c) = θ,D,U, c
I Sk N (δ(D) ∪ range(σ̇)) = Sk N (δ(D) ∪ range(σ))

I σ̇“S ⊆ S.

Indeed
∗
σ ∈ V [F ] witnesses this.

7. Let π : M̃ −→ M where M̃ is countable and transitive. By Barwise Completeness,
we have a model, Ã, of T (M̃).

8. Let σ′ = π ◦ σ̇Ã. This works!

Kaethe Minden On Subcomplete Forcing 7 April 2017 36 / 38



Introduction Trees MPsc MPsc vs. MP<ω1-closed Local MP RAsc MPsc + RAsc Diagonal Prikry Forcing

Bibliography

Gunter Fuchs, A characterization of generalized Prikry sequences, Archive for
Mathematical Logic (2005), no. 44, 935–971.

, Closed maximality principles: Implications, separations and
combinations, Journal of Symbolic Logic 01 (2008), no. 73, 276–308.

Victoria Gitman and Philip Welch, Ramsey-like cardinals II, The Journal of
Symbolic Logic 76 (2011), no. 2, 541–560.

Joel David Hamkins and Thomas A. Johnstone, Resurrection axioms and
uplifting cardinals, Archive for Mathematical Logic 53 (2014), no. 3, 463–485.

Ronald B. Jensen, Subcomplete Forcing and L-Forcing, E-recursion, forcing and
C∗-algebras (Chitat Chong, Qi Feng, Theodore A. Slaman, W. Hugh Woodin,
and Yue Yang, eds.), Lecture Notes Series, Institute for Mathematical Sciences,
National University of Singapore, World Scientific, 2014, pp. 83–182.

Toshimichi Usuba, The downward directed grounds hypothesis and very large
cardinals, preprint, 2016.

Kaethe Minden On Subcomplete Forcing 7 April 2017 37 / 38



Thank you.



MP Local MP RA MP+RA

Forcing MPsc

Forcing Subcomplete Maximality from a Fully Reflecting Cardinal

Proof sketch.

I Define Pκ, an rcs iteration, as follows:

For α < κ, let Φ be the collection of formulas ϕ(x) where a ∈ (Hω2 )V
Pα
κ and

V Pα
κ |= “ϕ(a) is sc-forceably sc-necessary.” Let Pα+1 = Pα ∗ Q̇α ∗ Coll (ω1, |Pα|),

where Q̇α =
⊕
ϕ(a)∈ΦQ and Q is the collection of least rank subcomplete posets

in V Pα
κ forcing that ϕ(a) is sc-necessary.

I Assume ϕ(x) and a ∈ Hω2 satisfy: V [G ] |= “ϕ(a) is sc-forceably sc-necessary”.

I Since P has the κ-cc, there has to be some stage where the parameter a appears.
We may argue that there is a β < κ such that there is a subcomplete least rank
Q forcing ϕ(a) to be sc-necessary in Vκ[Gβ ], as κ is fully reflecting.

I Let H ⊆ Q be generic over V [Gβ ] so that there is some Gtail generic for the rest
of the forcing satisfying V [Gβ ][H][Gtail ] = V [G ].

I Since ϕ(a) is sc-necessary in Vκ[Gβ ][H], we have that ϕ(a) is sc-necessary in
V [Gβ ][H], by elementarity.

I The rest of the iteration is subcomplete, so ϕ(a) is true in V [Gβ ][H][Gtail ] as
desired.

Back to main
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Forcing Subcomplete Local Maximality from a Locally Uplifting Cardinal

Proof sketch.

I Define Pκ, an rcs iteration, as follows:

For α < κ, let Φ be the collection of formulas ϕ(x) where a ∈ (Hω2 )V
Pα
κ and

V Pα
κ |= “ϕHω2 (a) is sc-forceably sc-necessary.” Let
Pα+1 = Pα ∗ Q̇α ∗ Coll (ω1, |Pα|), where Q̇α =

⊕
ϕ(a)∈ΦQ and Q is the collection

of least rank subcomplete posets in V Pα
κ forcing that Hω2 |= ϕ(a) is sc-necessary.

I Assume ϕ(x) and a ∈ Hω2 satisfy: V [G ] |= “ϕHω2 (a) is sc-forceably
sc-necessary”.

I Since P has the κ-cc, there has to be some stage where the parameter a appears.
We may argue that there is a β < κ such that there is a subcomplete least rank
Q forcing ϕHω2 (a) to be sc-necessary in Vκ[Gβ ], as κ is locally uplifting.

I Let H ⊆ Q be generic over V [Gβ ] so that there is some Gtail generic for the rest
of the forcing satisfying Vγ [Gβ ][H][Gtail ] = Vγ [G ], for some large enough γ.

I Since ϕHω2 (a) is sc-necessary in Vκ[Gβ ][H], we have that ϕ(a) is sc-necessary in
Vγ [Gβ ][H], by elementarity.

I The rest of the iteration is subcomplete, so ϕ(a) is true in Vγ [Gβ ][H][Gtail ] and
thus V [G ] as γ is large enough, as desired.

Back to main
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The subcomplete local maximality principle is equiconsistent with a locally uplifting cardinal

Local Maximality Implies ω2 is locally uplifting in L

Proof.
Let κ = ω2 and suppose that the subcomplete local maximality principle holds. κ is a
limit cardinal in L, since for γ < κ, the statement Hω2 |= “there is a cardinal in L
greater than γ” is sc-forceably sc-necessary (by taking Coll (ω1, κ)). So we have that
κ is inaccessible.
Assume Lκ |= ϕ(a). In other words, Hω2 |= ϕL(a). We need to show that there is a
larger γ such that Lγ |= ϕ(a). In order to do this, let’s work in L and first see that the
following is sc-forceably sc-necessary:

Hω2 |= (ϕL(a) ∧ “there are unboundedly many cardinals in L”). (1)

Given γ > κ, we may force over L to collapse γ to ω1. Then by (1), there is further

forcing to reach a model V [G ][H] such that H
V [G ][H]
ω2 |= ϕL(a). Thus in V [G ][H],

ϕLω2 (a) holds. Since ω
V [G ][H]
2 = γ′ > γ > κ in this extension now,

Lγ′ |= ϕ(a) and “there are unboundedly many cardinals”, we now have a suitable

γ′ = ω
V [G ][H]
2 which is inaccessible in L and Lγ′ |= ϕ(a) as desired.

Back to main
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Forcing RAsc

Forcing Subcomplete Resurrection from an Uplifting Cardinal

Proof sketch.

I Define Pκ, an rcs iteration, as follows:
For α < κ, let

Pα+1 = Pα ∗ Q̇α ∗ Coll (ω1, |Pα|),

such that Q̇α = ⊕Q where Q is the collection of least rank subcomplete posets
in V Pα

κ for which resurrection fails.

I Suppose toward a contradiction that RAsc(Hω2 ) fails in V [G ] as witnessed by Q
subcomplete and of least rank.

I Use the uplifting property of κ to argue that Q appears at stage κ of the exact
iteration defined in some larger γ to obtain Pγ = Pκ ∗ Q̇ ∗ Ptail .

I Obtain Hκ[Gκ] ≺ Hγ [Gγ ].

I Thus H
V [G ]
ω2 ≺ H

V [Gγ ]
ω2 , a contradiction to Q being a counterexample.

Back to main
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Forcing RAsc + MPsc

Forcing boldface Resurrection and Maximality from a Locally Uplifting Fully
Reflecting

Let κ be strongly uplifting fully reflecting. Define P to be the subcomplete
least-counterexample to RAsc(Hω2 ) + MPsc(Hω2 ) lottery sum rcs iteration of length κ.
In particular, generically pick, using the lottery sum, whether at each stage to force
with the least-rank counterexamples to the maximality principle or the least-rank
counterexamples to the boldface resurrection axiom. At stage α+ 1, take

Pα+1 = Pα ∗ Q̇α ∗ Coll (ω1, |Pα|)

where Q̇α is a term for the lottery sum

⊕R
⊕
⊕M,

Where R is the collection of least-rank subcomplete counterexamples to boldface
resurrection, and M is the collection of least-rank subcomplete counterexamples to
the maximality principle (defined as in those iterations).

Back to main
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